o 
o 

c 

=3 



^ 



Preprint typeset in JHEP style - HYPER VERSION Napoli DSF-T-10/2004 

INFN-NA-10/2004 
ISAS/40/2004/FM 



Jain states on a torus: an unifying description 



Gerardo Cristofano, Vincenzo Marotta 



Sissa and INFN, Sezione di Trieste - Via Beirut 1 - 34100 Trieste, Italy 



Dipartimento di Scienze Fisiche, Universitd di Napoli "Federico IF' and INFN, Sezione 
di Napoli - Via Cintia - Corapl. universitario M. Sant'Angelo - 80126 Napoli, Italy 

> 

\Q ■ Giuliano Niccoli 

o 
\o 
o 
^1- 

Abstract: We analyze the modular properties of the effective CFT description for Jain 
plateaux, proposed in Q, corresponding to the fillings v = 2v m+i • ^ e cons truct its charac- 
ters for the twisted and the untwisted sector and the diagonal partition function. We show 
that the degrees of freedom entering the partition function go to complete a Z m -orbifold 
construction of the RCFT u(l)xsu(m) 1 proposed for the Jain states [§, ||. The resulting 
extended algebra of the chiral primary fields can be also viewed as a RCFT extension of 
the u(l)xW m minimal models ||]. For m = 2 we prove that our model, the TM, gives the 
C3 ■ RCFT closure of the extended minimal models u(l)xW2- 
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1. Introduction 

Historically the motivations for the use of the Effective Conformal Field Theory (ECFT) 
in describing a Quantum Hall Fluid (QHF) at the plateau [|], || go back to the observation 
that the ground state wave function (Laughlin states) for the filling v = l/(2p + 1) |§ 
can be written as correlators of vertex operators describing the anyon states (charged 
states), which were identified as primary states of a two dimensional chiral CFT with 
central charge c = 1 ||. The ECFT description of a QHF at the plateau accounts for 
the incompressibility of the Laughlin fluid. The dynamical symmetry of this fluid in the 
disk geometry is the area-preserving diffeomorphisms of the plane which imply the W1+00 
algebra. This is the unique centrally extended quantum analogue of the classical area 
preserving diffeomorphisms algebra w^ on the circle. For general filling it is known that 
it is necessary to introduce neutral fields in order to describe the area-preserving edge 
deformations of the incompressible fluid. In this context two classes of CFTs have been 
proposed for Jain plateaux: the multi-components theory Q, characterized by the extended 
algebra u(l)xsu(m) 1 and the Wi+oo minimal models || both with central charge c = m. 



In spite of having the same spectrum of edge excitations, they manifest differences in the 
degeneracy of the states and in the quantum statistics. 

An alternative and simple construction of the hierarchical model based upon the so 
called m-reduction procedure was given in Q, where a c = m (daughter) CFT was ob- 
tained from a c = 1 (mother) one. The daughter theory preserves the Wi+oo symmetry 
of the mother theory. In fact it is well known that for any positive integer m, the Wi+oo 
algebra with central charge c is isomorphic to its subalgebra consisting of elements of de- 
grees divisible by m and which appear with central charge mc pi pi], so implying the 
incompressibility of the QHF for any given plateau. 



This procedure was developed in [11] and employed for both the Jain fillings v 



2pm+l 

y it 



in |lj] and the non standard ones v = ™ 2 in |12[ where it was shown how naturally it 

induces twists on the boundary, given by a Z m group generated by the phases e J = e 
, j = l,...,m. As a consequence the chiral primary fields naturally appear as composite 
operators with a charged and a neutral component. It has been proved that their correlators 
reproduce the ground state wave function for the Jain as well as for the paired states, so 
generalizing the Laughlin type wave function on the plane pi O]. Only one u(l) charged 
current survives to the discrete twist group while the role of the neutral degrees of freedom 
is to cancel out the m-root singularity present in the correlators of the charged operators, 
so restoring locality. 

In this paper we present a detailed analysis of such a model, the Twisted Model (TM), 
for the Jain states on a torus (genus g = 1 Riemann surface), so extending the previous 



description given on the plane [jl|]. For the paired states this analysis was given in [13]. 

We construct the characters associated to the extended chiral algebra and show that 
they provide a finite dimensional representation of the To (2) subgroup of the modular group 
SL(2,Z)/Z2- Finally we exhibit the diagonal partition function which is invariant under 
such a subgroup. The resulting theory is the Z m -orbifold of the Rational CFT (RCFT) 
describing the multi-components theory. Furthermore the extended algebra of the TM can 
be also viewed as a particular RCFT extension of the W'i+oo minimal models 1 [14]. 



Indeed their extensions are the constituents of the periodic-periodic ( P-P) and periodic- 
antiperiodic (P-A) sector of this orbifold construction respectively. In addition to them 
the twisted (A-P) sector, is exactly what is needed in order to obtain the closure under 
Tq (2). We should also comment on the presence of quasihole states in the twisted sector 



and clustering properties [|], [L6| as it happens in the paired states. 

All that emphasizes the key role of the m-reduction procedure in producing a RCFT 
which realizes a consistent VFi+oo extension of the classical area-preserving diffeomorphisms 
of the plane. 



1 We recall that the Wi+oo minimal models |14], which are defined by the full degenerate representations 
of Wi+oo, are not a RCFT because it is impossible to build a finite extended algebra by assembling their 
primary fields, each taken with multiplicity one, that is closed under the S modular transformation. Instead 
the multi-components bosonic theories are RCFT extensions of the Wi+oo minimal models [H, [14l Il5l] where 
the extended primary fields are defined by collecting the fields of the full degenerate Wi+oo representations, 
but with multiplicity different from one. The TM is also a RCFT extension of the theory with a Wi+oo 
symmetry in which there are different multiplicities in any different sector. 



The paper is organized as follows: 

In sec. ^ we review the K-matrix construction [|| of the multi-components theory of 
the Jain fillings and briefly summarize the properties of the ground state wave functions 
on the plane of a system of interacting layers which have been first analyzed in [jl7|] . 

In sec. |3| we review the symmetries of the ECFT which are known in the literature: 
the RCFT with symmetry u(l) xsu(m) 1 and the Wi+oo minimal models H. We also give 
the decomposition of the u(l)xsu(m) 1 characters in terms of those of the W^+oo minimal 
models [^, |J, 15 1. Finally we indicate the Z m discrete group with respect to which the 



orbifold construction is made. 

In sec. [| we briefly summarize the m-reduction construction on the plane (genus g = 0), 
which has been used in (l| to construct the TM for the Jain series at filling v = 2 ™ 1 . 

In sec. H we generalize it to the torus topology (genus g = 1) and derive the extended 
chiral primary fields both for the twisted and the untwisted sectors and the corresponding 
characters. Then a comparison of the TM with the multi-components theory ||] is given 
and the features of the Z m -orbifold construction shown. The factorization of the characters 
in terms of charged and neutral components is derived. Finally the special m = 2 case is 
also analyzed. 

In sec. |6] we construct the complete diagonal partition function of the TM. 

In sec. |7| we show that the TM provides a RCFT closure of the extended minimal 
models u(l)xW m xZ2- In fact we prove that the P-A sector of the TM gives a realization 
of the chiral algebra containing only degenerate Wi+oo representations. 

Finally in sec. M we give conclusions and comments. 

In App. A we describe the properties of the To (2) subgroup of the modular group. 

In App. B we describe the extended odd RCFT u(l) for the Laughlin filling, u = - 
where q is odd, which we use as mother theory for the m-reduction, pointing out the reason 
for requesting the closure under To (2) only. 

In App. C we give the transformations of the characters of the TM under the elements 
of To (2), showing that they provide a finite representation for it. We also prove that the 
TM diagonal partition function is invariant under its action. 

2. K-matrix construction of the multi-components theory 

The CFT for a m-levels QHF at filling v = 2 ™ was given in j|, [l8|, |l9[ introducing the 
symmetric and positive K matrix: 

-K- = Imxm + 2pC m x m where : C mX m = ll-Mlmxm (^--U 

The entries K^ „•), depending on m and p, define the braiding factors between electrons in 
the i and j level. In this simplified picture the levels are considered independent and fully 
equivalent and we will refer to them also as layers. The wave function on the plane for 
such a system can be given in terms of K as: 

fMC ({z (a) }) = ]J Yl ^H) _ z W) K ^> "[J Yl ^h) _ ^*(M) e -I E ^ lEl |4 h) | 2 

h=l i<j l=h<k i<j 

(2.2) 



This is a special class of more general trial functions for the ground state of a multi- 
layer system. For the simplest case of only two layers (or levels) they can be codified 
in the so called (m,n,k) states introduced by Halperin |l7]]. The integers in the bracket 
are in correspondence with the entries of the K matrix, i.e. m = Km n; n = K/ 2 ,2) aim 
k = Km 2 ). Some values of these integers give interesting models for special plateaux. The 
(p + 2, p + 2, p) generalize the well studied (3,3,1) state and it was analyzed recently in the 
m-reduction approach in IS]. Another interesting case is the (1,1,1) for which theoretical 



studies predict the existence of a Josephson like effect. Nevertheless this state does not 
satisfy the non-degeneracy of the K matrix so it does not enter the theories we are studying 
now. 

The CFT of the system with a general K matrix is realized by m free bosons with an 
extended chiral algebra. These fields satisfy the compactification conditions given by |2|: 

Q(z) = Q(z)+2^Rh (2.3) 



where h 6 Z m and Q(z) is the vector field with bosonic components Q^'(z), i = 1 
The mxm matrix R is defined by 2 : 



,...,m. 



R T R = K (2.4) 

and it is given explicitly by 

1 



■/?; 



R=lmxmH \\J2pm + 1 - 1 C m xm - (2.5) 



It is actually a metric of the lattice T which refers to the electron field. The compactification 
matrix ( p.3p for diagonal h = ht, where t is the charge vector which satisfies the condition 
t T (K)~ t = v and coincides with t = (1,..,1), defines the following compactification 
radius for the Q^ 1 ' bosons: 

Q«( z ) = qW( z ) + 2irrh (2.6) 

with h £ Z, and r the odd compactification radius r 2 = 2pm + 1. 

The primary fields for this theory are given by the vertex operators: 

V a ' h (z) =: e"" Qb(2) : with (a,b) e Z m xZ m (2.7) 

where a a = a T R _1 and Qh(z) is the boson with winding numbers b; their conformal 
dimensions h a b are: 



- ( a T R- x + -b T R ) ( R~ x a + -Rb j (2. 



The extended RCFT, the multi-components u(l) K theory, can be constructed by means 
of the following physical conditions [EG] : 



1) The topological order [19] given by det (K) is an odd number and coincides with 



the number of primary fields of the extended algebra 



2 R is the positive root of K and is well denned because K is a symmetric and positive definite matrix. 



2) The characters of the extended theory are closed under To (2). 

3) The extended theory is given by the request that its conformal blocks correspond 
to primary fields with conformal dimensions which differ by a semi-integer from those of 
the lowest weight states. 

gim 

The extended primary fields of the u(l) K theory are obtained by imposing that the 
weights are in the lattice Zk = KZ m and the corresponding vertex operators are: 

V x (z) =: e^-QW : (2.9) 

The corresponding characters are given in the standard form by: 

xf C (w\r) = Tr Hx [q( L ^^) e 2mwJ ) (2.10) 

where Lq = ^n T (K)~ n [jl^| is the eigenvalue of the Lq mode of the Virasoro algebra and 
J = t T (K)~ n is the charge relative to n, the vector defining the weight of the descendent 
state in the Hilbert space H\ of the primary field with highest weight A. Explicitly eq. (|2.1C| ) 
becomes: 

xf C {w\T) = 7^^ E eMlKKa+AffKl-fKa+All+^KKa+A)]} (2n) 

where the non-analytic phase was introduced in || and it is necessary to define properly 

g)m 

the transport of charges. The extended theory u(l) K has 2pm + 1 independent primary 
states as it is requested by the topological order and the characters are closed under To (2). 

3. The symmetries of the ECFTs 

In this section we briefly analyze the symmetry properties of the different ECFTs proposed 
to describe the Jain fillings. 

3.1 The u(l)xsu(m) 1 models 

gim 

The factorization of the multi-components u{l) K model in a charged and a neutral sector 
allows us to evidence an u(l) m / 2pm+1 \Xsu{m)i algebraic structure. The charged sector has 

an ^(l) m (2 pm +i) extended symmetry 3 while the neutral one has a full su(m) 1 symmetry. 
Moreover the two sectors are not independent but are coupled by a discrete group so 
implying that a superselection rule, called m-ality rule, must be taken into account in order 
to build the physical excitations of the model (i.e. a holon-spinon topological coupling). 

The factorization into a charged and neutral sector is explicitly obtained by diagonal- 
izing the K matrix. The orthogonal matrix O m , which does it, has been explicitly given in 
|21], and the new fields Q'(^) = O m Q(z) can be identified with those of ref.[Q]. We define 



UliQM 



the charged boson X(z) = — l - 1 ' — anc l the neutral vector &(z) with components Q'^z) 



' 5 It is defined in Appendix B. It is an odd RCFT, that is a RCFT with respect to r (2). 



for i = l,...,m — 1. The orthogonal matrix O m can be written in terms of the base vectors 
Uj as follows: 

o m =(7" u r) (3.D 

V ^M V^ J mxm 

where the m-vectors Uj satisfy the constraint Y2i u « = an d are related to the simple 
roots a>j and to the fundamental weights Kj of the finite algebra su(rn) by the following 
relations: 



a ; 



l 

u j - u i+i ; A i = ^2 u j ( 3 - 2 ) 

Ai-aj = 51 ; Aj-A/ = i I 1 ] for i < I, I = 1, ... m — 1. 

We put </^(z) = Uj-^(z) for j = 1, .,,m— 1 so that the primary fields in the ii(l)# 
theory factorize into a charged and a neutral part: 

V x (z) = e iaxX{z H{z) (3.3) 

where a x = , E ^ 1 A ' , A, G Z K and ^(z) = e iE ^i A ^'( z ). 

A/m(2pm+l) 

The field X{z) satisfies the following compactification condition, as a consequence of 



the compactification conditions for the Q(z) fields in eq. (2.6) : 



X(z) = X(z) + 2irrx I where rx = \/m(2pm + 1) (3.4) 

<&m 

Thus the charged component of u(l) K is just the ^(l) m (2 pm +i) extended theory. 
By using the neutral fields one gets the following currents: 

J Q . . (z) = a d : e^'W^W) : for a id = u* - uj (3.5) 

J h (z) = id<5> h {z) (3.6) 

satisfying the su(m) 1 algebra 4 . Let us recall that starting from Aj, j = l,..,m — 1, and 
the basic weight Ao of the affine algebra su(m) 1 , one can obtain all the other fundamental 
weights Aj = Aj + Ao, j = 1, ..,m — 1. For a general weight A = X^S n «Ai one can 
define the m-ality charge as / = 2~^^=i * n *' mod(m). It is a good quantum number useful 

- — - (gim, 

to classify the excitations. As pointed out above, the theory u(l) K is not a simple tensor 
product of the charged and the neutral component. This is well evidenced by the explicit 
expression of the u(l) K characters given in eq,( [2.1l| ) , which were introduced in [21| for 
the m=3 case and in || for generic m as: 

TO— 1 . . 

v MC (h,\t) - V v S " (m)l (t) K-M 2 P m + 1 )] ( ln \ T \ (o 7 \ 

Xb (W\T) - 2_^Xl ( T ) K (2pm+l)l+mb\ W \ T ) K 6 -') 

1=0 
4 Cij are cocycle factors which allow to get the correct commutation relations. 



with b = 0,..,2pm and where Xi 1 ( r ) are the characters of the su(m) 1 representations 
with integrable highest weight (h.w.) A; £ P\ (P+ being the set of all the dominant weights 
of s^m)^ and conformal weight hi = ^ (i- e - a spinon with m-ality charge equal to I). 
Above Kc pm (w\t) are the characters of the extended w(l) m (2m»+i) theory and are 
explicitly given in Appendix B 5 . 

Furthermore the form of the K matrix allows to consider various discrete symmetries. 
Here we focus our attention on its symmetries under the permutations of the Landau levels. 
They can be analyzed in the diagonal basis in which the su(m) 1 symmetry is evidenced. We 
distinguish two kinds of symmetries, one acting as an outer automorphism of the su(m) 1 
lattice and the other one associated to inner automorphisms of the algebra (i.e. the Weyl 
group). Inner automorphisms preserve the commutation relations of the algebra (although 
the action on the algebra generators is nontrivial). We let D (g) and D(g) stand for the 
symmetry group of the su{m) and su(m) Dinkin diagrams respectively. As it is well known 
the group of the outer automorphisms of g, 0(g) = D(g)/D(g), is the dual of the center 
of the group of g, i.e. B(G) |22|] which in the case of su(m) is Z m . Moreover it acts on the 
finite part of A like an element w g of the finite Weyl group (i.e. <?(A) = (g — l)Ao + w g A) by 
changing the m-ality of a fundamental representation: g(l) =1 + 1. The B(G) group action 
on the algebra generators is trivial. We stress that outer automorphisms also must preserve 
the commutation relations of the algebra, so that the characters will be still given in terms 
of the su(m) 1 ones. The extended u(l) K theory satisfies the important property that 
under the action of 0(g) all its extended characters are fixed points, that is they satisfy a 
gluing condition between the charged and the neutral sector which couples a Z m subgroup 
of the u(l) to the m-ality charge in an invariant way. Thus the P-P, periodic-periodic sector 
of the TM will be invariant with respect to this coupled group (i.e. the permutation group 
acts as an inner automorphism for the full theory). This behavior is different from that of 
the paired states |13J , where the Halperin theory does not coincide with the P-P untwisted 
sector of its Z m -orbifold. The m-reduction procedure induces naturally this symmetry and 
gives the correct coupling between the charged and the neutral sector jl| . 

Furthermore quotienting by a discrete group that is not in the center it breaks all the 
affine representations; therefore the partition function of the TM in the twisted sector 
cannot be described in terms of the affine characters (i.e. the affine symmetry is broken in 
these sectors to the W m one). 

3.2 The W m Minimal model 

The ECFT description of a QHF at the plateau is justified by the incompressibility of the 
Laughlin fluid. The dynamical symmetry of this fluid in the disk geometry is the area- 
preserving diffeomorphisms of the plane which imply the Wi+oo algebra. This is the unique 

5 Notice that the parametrization given above is not unique due to the symmetry of the characters. They 
satisfy XA+(2mp+i) = Xa" thus there are only 2rnp+ 1 independent primary fields. In M a parametrization 
which evidences the independence of the neutral component from the flux p was chosen. In this paper we 
give the same parametrization for the P-P and P-A sector. Nevertheless a different parametrization which 
is more useful for our approach will be given in the A-P sector. Obviously they are completely equivalent 
and they can be mapped one into the other. 



centrally extended quantum analogue of the classical area preserving diffeomorphisms al- 
gebra Woo on the circle. 

The infinite generators W^ +1 of Wi+oo of conformal spin (n + 1) are characterized by 
a mode index m £ Z and satisfy the algebra: 



m+l TT/n'+l 



v " m i '" m 1 



(n'ro - nm')W^ + + n m , + q(n, n', m, m')W^ + + n m 7 2 ... + d(n, m)c5 n ' n d m+m > =0 

(3.8) 

where the structure constants q and d are polynomials of their arguments, c is the central 
charge, and dots denote a finite number of similar terms involving the operators W^V^T 



1 23, Hi- 



Such an algebra contains an Abelian u(l) current for n = and a Virasoro algebra for 
n = 1 with central charge c. Their zero modes eigenvalues are identified as the charge and 
angular-momentum of the edge excitations of the QHF. 



In the literature [23, 24] the unitary representations of Wi+oo have integer central 
charge and can be of two types: generic or degenerate. 

The generic representations, with central charge c = m, are equivalent to those of 
the multi-components bosons u(l) K , where the K matrices define the lattice Zk = KZm 
whose weights A = (Ai, .., A m ) satisfy the conditions A a — Xj, £ Z, Vo ^ b € 1, .., m. 

The degenerate representations, with central charge c = m, are contained into those 
of the multi-components and satisfy the conditions A a — Af, G Z. 

In particular the full degenerate representations are those whose weights all define 
degenerate representations. These conditions select uniquely the lattices Zk as the ones 
generated by the K matrices of the Jain series. The theory with full degenerate represen- 
tation only is also called Wi+oo minimal model ||. 

The W\ +O0 models are isomorphic to n(l)xW m theory, where W m is the algebra with 
central charge c = (m — 1), defined by the q — ► oo limit of the Zamolodchikov-Fateev- 



Lukyanov algebra with c = (m — 1) f 1 — n \ n ,J I [26]. In this limit an infinity of degenerate 



9(9+1) 

representations appears which are in one-to-one relation to the degenerate representations 
of the above minimal models. 

The W m algebra can be also defined by a coset construction of the kind W(g/g; k) 



based on the Casimir operators of a finite algebra g (see [23] and 14] for details). The 
relevant coset for Jain series is W(su(m) k /su(m); k = 1), which involves the finite algebra 
su(m), thus the central charge of the W m has the same value of the full theory su(m) 1 , i.e. 
cw™ = c~~—~r = m — 1. The h.w. representations of W m are defined by decomposing those 

m su(m) 1 

of su(m)i in terms of su(m) ones. The characters of the coset W m are thus the branching 
functions constructed by decomposing the characters of the affine algebra in terms of those 
of the finite one: 

xg m Ht\T)= E b i(T)xf m \t) (3.9) 

A:AePfnn x 

where Q-? is the set of the weights in the h.w. representation of su(m) 1 relative to A;, the 
integrable h.w., A is the finite part of the affine weight A. 



The above su(m) characters are explicitly given by: 

z2 W ew e H e (pH 

where A = A/ + 7 and j £ Q, the set of roots of su(m), w is an element in the Weyl 
group W of the su(m) and e(w) is its parity. Thus the characters of W m are defined by 
X A m (r) = 6- (r) and their explicit expressions are given by: 

A; 

XA vm w=-7^r n a - « (A+p>a ) (3-11) 

For z — > the characters X\ (C = z /°) S° to the dimension d sn ( m )(A) of the A 
representation of the finite algebra su(m). Thus the su(m) 1 characters can be written in 
the form: 

X ^(r)^lhn X f^^ = Zp \r)= £ d su(m) (A) X ^(r) (3.12) 

A:AePlnQ x 

The equivalence su(m) 1 = su(m)x\V m gives su(m)i as a RCFT extension of the 
algebra W m . Eq.( [3.12l ) shows that any integrable h.w. A/ representation of su{m) l is 
given by collecting infinite representations A of W m , such that A G Pj. n 0? , each one 
with multiplicity d su r m \(A). 

Nevertheless this extension is not a minimal one which should be given by collecting 
infinite primary fields of W m , everyone with multiplicity one. 

The main point for this minimal W m theory is that it is not a RCFT, that is the 
characters relative to the extended primary fields are not closed under the modular trans- 
formation S. We propose a theory in which both symmetries can be taken into account, 
being realized in different sectors of the full TM. It is based on another interesting realiza- 
tion of the W m algebra given in M by using twisted bosons. The representation theory for 



this realization was studied in [10|. This realization is the relevant one for the m-reduction 
and introduces new topological sectors to the description of the Jain fillings. In order to 
obtain the twisted characters of the W m algebra it is necessary to add the special vector 
m = m ^i=i -^*' with p 2 = "x2~ ' , to all the representations. Nevertheless these are 
not representations of the algebra su(m) 1 , so this symmetry is explicitly broken in this 
vacuum. This vector changes the conformal dimensions of the vacuum state according to: 

/ lA = -(A + ^) 2 = ^ + ^^ + i (3.13) 

2 y m' 2 24m 2m K J 

so that all the rii = 5\ are simply translated by 1/m with respect to those of the minimal 
models. Indeed, as it follows from the modular invariance of the theory, we find that the 

neutral characters for the twisted sector can be given in terms of Xi 1 (pT/m\T). 

Moreover not only the u(l)xsu(m) 1 is contained in our RCFT and it coincides with 
the P-P sector of the TM but also an extended W m minimal model is realized in the P-A 
sector, as it will be shown explicitly in the following sections. 



4. The m-reduction on the plane 

In this section we briefly review the m-reduction procedure on the plane as a starting point 
for its generalization to the torus which is the main content of this paper. Our approach is 
meant to describe all the plateaux with odd denominator starting from the Laughlin filling 
v = l/(2pm + 1), which is described by a CFT with c = 1, in terms of a scalar chiral field 
compactified on a circle with radius R 2 = 1/v = 2pm + 1 (or its dual R 2 = A/(2pm + 1)). 
Then the u(l) current is given by J(z) = id z Q(z), where Q(z) is the compactified Fubini 
field with the standard mode expansion: 



Q(z)=q-iplnz + Y J — z~ n (4.1) 



with a n , q and p satisfying the commutation relations [a ra ,a n /] = nb n ^ n i and [q,p] = i- 

The primary fields are expressed in terms of the vertex operators U as (z) =: e ja s<2(^) : 
with s = 1, ...,2pm + 1 and conformal dimension h = wT^+iy- The h = pm + 5 field 
(s + 2pm + 1) describes the electron with electric charge q e = 1 in units of the electron 
charge e and magnetic one q m = 2pm + 1 in unit of — , while to other 2pm primary 
fields correspond to anyons with lowest charges q e = 2p m+i an< ^ Qm = 1- The dynamical 
symmetry is given by the VF1+00 algebra with c = 1, whose generators are simply given by 
a power of the current J(z). 

We start with the set of fields in the above CFT (mother theory). Using the m- 
reduction procedure, which consists in considering the subalgebra generated only by the 



modes in eq.(4.1), which are multiple of an integer m, we get the image of the twisted 
sector of a c = m orbifold CFT (daughter theory, i.e. the TM) which describes the Lowest 
Landau Level (LLL) dynamics of the new filling v = m/(2pm + 1) . 

Then the fields in the mother CFT can be factorized into irreducible orbits of the 
discrete Z m group which is a symmetry of the TM and can be organized into components 
which have well defined transformation properties under this group. To compare the orb- 
ifold so built with the c = m CFT, we use the mapping z — ► z 1 ' m and the isomorphism 



defined in ref. [11| between fields on the z plane and fields on the z m covering plane given 
by the following identifications: a nm+l — ► ^/ma n+l/rn , q — ► -±=q. 

We perform a "double" -reduction which consists in applying this technique into two 
steps. 

1) The m-reduction is applied to the Fubini field Q(z). This induces twisted boundary 
conditions on the currents. It is useful to define the invariant scalar field: 



X(z) = -J2Q(e 1 z) (4.2) 



m 



;2irj 



where e 3 = e l ~ , corresponding to a compactified boson on a circle with radius now equal 
to R\ = R 2 /m = 2p + 1/m. This field describes the u(l) electrically charged component 
of the new filling. 
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On the other hand the non-invariant fields defined by 

in 
p{z) = Q(e?z)-X(z), £>'(*) = (4.3) 

3=1 

naturally satisfy twisted boundary conditions so that the J(z) current of the mother theory 
decomposes into a charged current given by J{z) = id z X{z) and m— 1 neutral ones d z <P (z) 

0- 

2) The m-reduction applied on the vertex operators U as (z) of the mother theory also 

induces twisted boundary conditions on the vertex operators of the daughter CFT. The 

discrete group used in this case is just the m-ality group. 

The vertex operator in the mother theory can be factorized into a vertex that depends 

only on the invariant field: 

a„(m — 1) . v , * 

U OLa (z) = z- a -^— :e JQs x(z) : (4.4) 

and in vertex operators depending on the 4> J (z) fields. We introduce the neutral component: 

Mz) = 1-^YV : e^» : (4.5) 

m ^-^ 
i=i 

which invariant under the twist group given in 1) and has m-ality charge 1 = 1. 

The set of primary fields generated by their product can be given in terms of the 
fundamental representations A; of the su(m) Lie algebra. By looking at their conformal 
dimension we are led to identify them as su(m) 1 spinons given in a m-ality diagonal basis. 
Indeed we can define the full set of fields: 

%l>i{z) = Y. f( eJl >■■■,£*,*): e^' 1 {z) ... e 1 ^ 1 (z) : (4.6) 

h>h>—>3i 

where the functions f(s n ,...,e Jl ,z) can be extracted from the OPE relations. The sum 
takes into account the fact that any field can be associated to the ^-th fundamental rep- 
resentation of su(m) (namely, the antisymmetric tensor representation) and then have 
m-ality I. 

Higher spin currents in W^i+oo algebra are given by the infinite generators in the en- 
veloping algebra of the u(l) charged sector and by the W m currents obtained from the 
neutral sector. The explicit form for m < 4 was given in ||. We report here only the first 
element beyond the spin two of the series which in our basis is expressed as: 

.. m 

W\z) = - T = Y, :d g <P{z)d z <f?'(z)d g p"(z)i (4.7) 

v jd',j"=i 



All the fields given in eq. (|4.6| ) are invariant under the Z m group twisting the (^(z) 
fields. The remaining primary fields in the neutral sector which are not invariant are given 
by: 



Z "i 



i> g (z) = ^—T £9J:ei(pJ{Z): ( 48 ) 

a rn *■ — ^ 



m 
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with g = 2, ...,m. This decomposition breaks explicitly the finite su(m) symmetry of the 
multi-components model. As we will show in the next section the residual symmetry of 
the twist invariant sector is just the Wi +OQ one. 



5. The m-reduction on the torus 

In the following we consider the case of prime m only, the more general case will be the 
subject of a forthcoming paper. 



5.1 The TM for prime m > 2 



The present discussion is valid for any prime m > 2 while in sec. (5.2 ) it is analyzed the 
special m = 2 case. This is not only to clarify the construction in the simplest case but also 
for the peculiarity of the m = 2 case in which the m-reduction furnishes special results. 

The extended TM theory is the realization on the torus topology of that proposed in 
HI to describe the plateaux for the Jain series v = 2p m+i on ^ ne plane. We can obtain 
the full theory by applying the m-reduction on the torus and by implementing the mod- 
ular invariance condition. The mother theory describes the Laughlin filling v = 2 1 

corresponding to the u(l) 2 , 1 symmetry (see appendix B for details). 

By applying the m-reduction on the fields in the mother theory we obtain the twisted 
sector of the TM immediately. In this procedure it is necessary to take into account two 
points: 

1) The w(l) 2 +1 mother theory is not an ordinary RCFT but a theory which is 
invariant only under To (2). 

2) The TM is a fermionic theory so it must be of the same type of the mother theory 
(i.e. the conformal dimensions of its primary fields are defined only mod{\/2)). 

The extended primary fields in the twisted sector have conformal dimensions 6 : 

i s 2 m 2 - 1 / ,_ „. 

h, h = —, : 1 h — (5.1) 

( s <f> 2(2pm + l)m 24m 2m v ' 

and are parametrized by s = 0, ..,2pm, which is the quantum number distinguishing the 
fields in the mother theory and by / = 0,..,m — 1, which indicates the twisted sector in 
the model. The term *% ~ is due to the twisted conditions. The condition 2) implies 
that the number of conformal blocks of the extended theory are m instead of 2m. The 
corresponding characters can be easily given in terms of those of the mother theory: 

1 m— 1 ■ f 2 i o ' 

x f (w\r) = — V e~ 2 -^ {2j) ^ + ^^+i)~^K^ pm+1 \w\^—^-) (5.2) 

3=0 

The closure under To (2) of the TM allows us to obtain part of the fields in the untwisted 
sector. We get 2pm + 1 new primary fields for this sector with conformal dimensions: 



6 We remember that the parametrization here used for the untwisted characters is different from that of 
the twisted one. 
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h = , {mh? , (5.3) 

2(2pm + l)m 



They can be identified with the m-particles introduced in [2C] and are described by the 

characters 

XbiwW) = K\ pm (mw\mT) (5-4) 

m 



Their peculiarity is that the neutral part of the vertex operator is the identity. It gives a 
contribution only by means of its descendents which are just the W m currents. 

Although these fields are sufficient to satisfy the Tq(2) covariance they are not the 



complete set of fields in the TM. As for the paired states case analyzed in [12], the periodic- 
periodic sector of the theory can be obtained by exploring the contents of the orbifold theory 

®m 

u(l) K /Z m , which is the daughter CFT we obtained by m-r eduction. Therefore in the next 
section we study this orbifold in detail and extract the information we need to complete 
the model. 

5.1.1 The orbifold u(l) K jZ m 

(g)7Tl 

Starting with the u(l) K theory, which is invariant under the discrete symmetries analyzed 



in sec. fl3.lD , we perform an orbifold construction with respect to the discrete Z m group. It 

® m 

should be noticed that the u(l) K is a ro(2)-RCFT so the generated orbifold will be of 

the same kind. 

All the primary fields of the extended u(l) K theory correspond to diagonal weights 
b = bt. Defining g as the generator of the Z m group, permuting the levels, we see that 
all these fields are invariant under its action and are fixed points with respect to this 
symmetry. The stabilizer Sb for a general field corresponding to the weight b is just Z m , 
i.e. Sb = {g l '■ i = 0, .., m — 1} and it has m elements. 

The untwisted P-A sector of the orbifold is obtained introducing a new primary field 
for any element ir S Sb and any field in the mother theory. The generic conformal field is 
parametrized by the index b and an element it S Sb and its conformal dimension given by: 

(tTibi 

h ^» = 2(2pm + l)m (5 ' 5) 

for 7r t^ g°. The corresponding characters are 

( | n \xf C {Mr) For vr = g° = 1 

X{b,(l,ir))Ml~) = < r ->(2pm+l), - . p i ■ , , (5-6) 

I iv^ '(mw\mT) r or tt = g , i = l,..,m—l 

Eq.(^.6|) implies that the conformal block relative to the identity coincides with that of 

- — - ®m 

the u(l) K theory while there is a m — 1 degeneracy in the other blocks. The characters 

X(b,(l,g i ))( w \ T ) of the orbifold are equivalent to the characters y/mxb{w\r) given in eq.(|5~4|). 

(&m 

The twisted A-P sector of the u(l) K jZ m model can be obtained by the request of 

covariance under To(2). Indeed from X(sJi,g i ))( w \ T ) we can generate the characters of the 
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twisted sector by means of the transformation S. The closure under T 2 implies that also the 
characters X(s,(g\ g j)){ w \ T ) = ^s Pm (w\ - " m J )> for j = 1, ..,m — 1, belong to this sector 7 . 

Cgmi 

The full twisted sector of this u(l) K jZ m orbifold is given then by the characters 



X( s ,( 9 ^'))Hr) = K^ m+1 \w\ T -±^) (5.7) 



for s = 0, ..,2pm, i = 1, ..,m — 1 and j = 0, ..,m — 1. These characters are degenerate 
with respect to the index i as it was pointed out before. 

®m 

As we have seen the P-P sector of this orbifold coincides with the u(l) K itself. The 
remaining part of the untwisted sector coincides with the untwisted sector of the theory 
built by the m-reduction procedure, when we take into account the m — 1 degeneracy. 
The twisted A-P sector is given by characters of eq.( |5.7|) . Looking at eq. ( |5.7|) and 



eq.(5.2), we find the relationship between these characters and the characters obtained by 



m-reduction. Indeed as a consequence of the invertibility of the equality (|5.2|) for any fixed 



j, the characters in eqs.( |5.7D and (5.2) simply define two different basis of the same twisted 
sector. 

Thus we can conclude that the m-reduction procedure generates the non periodic part 
of the untwisted sector (P-A) and the twisted sector (A-P) of the Z m -orbifold of u(l) K , 
by considering that any extended primary field has degeneracy m— 1. 

5.1.2 Charged and neutral components of the characters of the TM 

In ref.[E| the TM was given in terms of charged and neutral components on the plane. 
There it was shown that the charged component coincides with the compactified theory 
with R 2 = (2mp + 1) /m = 1/v. In the torus topology this separation can be given by the 
decomposition of the characters in terms of those of the charged and neutral ones. This 
decomposition also tells us the way in which the primary fields of the charged and neutral 
components must combine in order to generate the extended primary fields of the full TM 
theory. 

For the P-P sector the separation is given in eq. Q3.7| ), while for the P-A sector of the 
TM we obtain 

UMr)=N{r)K^ m+ ^{ W \r) (5.8) 

where N{t) = —j= T^p, represents the neutral contribution. 

To clarify the relationship between the TM and the W m minimal model we point out 
that the twist group acts only on the su(m), while the W m algebra is unaffected under it. 
Therefore we can write {su{m) l /Z m = su(m)/Z m xW m ) and the effect of the twist is only 
in the reduction of the degeneracy of the W m representations as it happens in the minimal 
models. 

Nevertheless, while the characters of su(m) 1 transform covariantly under the modular 
group, the W m ones do not close under this group. That can be easily understood if 
one notes that the SL(2, Z) also acts on the representations of the finite su{m) algebra. 



7 The closure is given when 2j £ 0, 2(m — 1) because the characters K x pm (w\t), of U(l) 2 +l , are 
closed under T 2 and not under T. 
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Therefore one cannot have a covariance of the W m characters without a covariance of the 
degenerate vacuum states of dimension d(A a + 7). To do that we relate a finite subgroup 
of the modular group to the su(m) automorphisms. 
By using the identity 



r,(rr _ nr=i 3^-^|r^ ^ 



r](mT) 3 (mw - I ^|mr) 
we give the neutral sector in terms of the characters of sw(m) 1 8 : 

at/ \ 1 su(m) ir 1 1 s 



where p is the Weyl vector of the algebra. In this way eq.(5.8) can be related to the su{m) 1 
characters of the P-P sector. 

For the twisted sector the separation into charged and neutral components is given 
by 9 : 

771—1 

a=0 

where 

(rt \ 1 '2-^ 1 2Tti( 9 - V f , s 2 1 [(2pm + l)a + s] 2 s „(-,-) 
AT W C T -) = _ V^ e " — W)l2 + 2(2pm+l)-24 2(2pm+l) -> /V > (K 11) 

(a,(s,/)) V 7 m Z-^ nf 11 ^) ' 

We must observe that the neutral part does not depend on p, that is on the flux attached 
to the charged component. That can be seen by showing that the characters of the neutral 
part, defined in the above formula, can be written in terms of the ones with p = as: 

Ar ( ( r,k/)) (r) = N (a,h {T) > where ~ r = f ~~ 2as mod (m) - 



Looking at eqs.( |3.7|) ,(5.8) and ( 5.10 ) and taking into account the parametrization 
change, we conclude that the charged component is the same in any sector of the TM 
and it coincides with the extended theory w(l) m / 2mp+1 ). 

Let us notice that the characters given here are written in a basis which is explicitly 
invariant under the permutation of the Landau levels. In this basis we do not see the 
excitations content of the theory. We could introduce another basis in which the m-ality is 
diagonal, evidencing the primary fields with conformal dimensions hn^\ = ^ro +\\ + 
(m ~ - which are the charged excitations corresponding to the Z-electrons (6 = 0) and the l- 
anions (6 ^ 0) which are fixed under the twist group. Moreover in the twisted sector there 
are also neutral excitations with conformal dimensions h = ^ 4 ~ (i.e. twist operators) 
which are a characteristics of the TM and it was not present in the models given in || |2| . 
They were independently introduced in M and [^] giving rise to a clustering phenomenon 
in the correlator of N electrons (see p|] for details). The role of the twisted sector has been 



Let us recall that they are not characters of su(rn), and then we explicitly break the su(m) symmetry. 
9 Notice that the m-ality charge in the twisted sector is I = a + s mod (m) 
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recently clarified for the paired states in [29]. In that description the neutral current was 



shown to originate from a point-like interaction between the layers, which can be attributed 
to the presence of a localized impurity. We will give a similar analysis in a forthcoming 
paper. 

5.2 The TM for m = 2 

For m = 2 the TM is built following the same construction made in |5.1| , for the case m > 2 
and prime. 

The content of the twisted sector is given by the m-reduction procedure applied to the 
mother theory with symmetry u{V)u p+iV The extended primary fields have the conformal 
dimensions 

^/) = 4(4^ + l6 + Z (5 - 12) 

with s = 0, .., Ap, / = 0, 1, and the corresponding characters are given by 

X i „^\r)=K^y> /+t){ ^) (5.13) 

where K\ p (w\t) are the characters of the ordinary 10 RCFT w(l)2(4»+iy 

-®2 

The theory u(l) K is given by the P-P sector of the TM. The remaining part of its 
untwisted sector, that is the P-A part, is generated by the request of closure under To (2). 
Thus the extended primary fields of the P-A part are obtained by performing the S modular 
transformation on the characters of the extended primary fields of the twisted sector. They 
have the following conformal dimension 

((4 p+l)g + p) 2 
4(4p + 1) 



k M = A(A„ i ^ ( 5 - M ) 



where [i = 0, .., 4p, g =0, 1, with correspondent characters 

X(,, s )Hr) = ^ (K^%ll(2 w \2r) + K^l (4p+l)g+ix (2 W \2r)) (5.15) 

We give now their separation into charged and neutral components and relate it to 
known results in the c=l orbifold theory literature |27| . 
The characters of the twisted sector can be written as: 

/ | v ^42) lf pT, ^(2(4p+l)) , | s lr.-\R\ 

X {sJ) {w\t) = xo Hyl^^^Hr), (5.16) 



while for the P-P sector eq. (3.7) gives the following separation: 

xf C Hr) = x7^\t)K^\ W \t) + X^WK^lMr) (5.17) 

0, ..,4p. For the remaining P-A sector we get 

/ , s SU(2) 1 ,P, s^(2(4p+l)) / , s /r, Q \ 

X(^ 9 )Hr)=X U^K^p+Vg+^MT) (5.18) 



3 See Appendix B. 
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where 



^(5r) = ^^ (5.19) 

z rj 



Eqs.(5.17), ( |5.18 ) and (5.16) show that the charged component of the TM for m = 2 is 



the extended theory ^(1)2(40+1) which is an ordinary RCFT, closed under the full modular 
group. It justifies the particular modular behavior of the characters of the P-A sector 
which is closed under the modular transformation T. It is due to the bosonic nature of 
the 2-electron. It is worth noticing that even in such a case the full TM theory remains a 
r (2) RCFT. 

Finally we notice that the P-A sector is bigger than the theory built by the action of 
the generator of the discrete symmetry group Z<i- This can be seen by writing the results 
of section 5.1 for m = 2. The comparison of eq.(5.8), evaluated at m = 2, i.e. 



UMr) = Xo" (2)l (fk)^S (4P+1)) (^k) b = 0,..,4 P (5.20) 



with the correspondent of eq.( |5Tl~8| ), makes it clear. Indeed, eq.(5.20) describes exactly half 
of the characters given in eq.( |5.18| ). 

This anomalous behavior can be understood by noticing that the c = 1 Z2-orbifold has 
an extra symmetry due to a h = 1 current (cos <p). Its radius corresponds to the multicritical 
point in which orbifold and Gaussian theory coincide. The Gaussian formulation can be 



obtained by means of a non- linear transformation as it was given in ref.[28]. 

The field content of the neutral sector can be easily deduced by the well know spectrum 
of the c = 1 Z 2 -orbifold at the radius R 2 = 4. They are: I (h = 0), dcp (h = 1), tp (h = \), 
ip (h = j), &i (h = jq), T{ (h = jq), ip and ip are two kinds of su(2) 1 spinons. They can be 
immediately related to the standard basis as follows: ip = ip^ 1 ' + ip^ 2 '; if) = ip^ 1 ' — ip^ 2 '. 

Differently from the paired states case the fields ip and ip are not independent so they 
do not realize two independent CFTs as it happens in that case. They instead realize 
Gentile parafermions. As it is well known, a Gentile parafermion gives a ^^— contribution 
to the central charge. We need to have m of such a parafermions to build a unitary CFT 
with integer charge c = m — 1. As a consequence their fusion rules are: ipxip = d<p\ 
ipxip = I; ipxip = d(p. 

Due to the lack of zero modes in the twisted current the pseudospin J3 = in = 
(N^ 1 ' — N^ 2 >)/2 is zero (or 1/2) so that the ground state has an equal number of ip^ l > and 
ip( 2 > states for m = or iV*- 1 ) = iV"( 2 ) + 1 for m = 1/2. While ip increases the (m-ality) 
I —> I + 1, ip acts only on the third component asnnm+ 1/2. 



6. The TM partition function 

The diagonal partition function of the part of the TM generated only by the m-reduction 
procedure, without taking care of the m — 1 degeneracy, is 



Z^(w\r) = Z^l lst (w\r) + Z^Jw\r) (6.1) 
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where 11 

2pm rn— 1 2pm 

^LtHr) = Elx 6 Hr)| 2 ; ^LHr) = EE|x (s ,/)Hr)| (6.3) 

6=0 / = o s=0 

The diagonal partition function of the TM, as a consequence of its definition as a Z m - 
orbifold, is 

1 ®m i m— lm— 1 . ®m 

Z tmMt) = ±- £ <^ 2) Hr) = 1 £ E <^ Mr) ( 6 - 4 ) 

™ V(7ri,ir 2 )S^mXZ m i=0 j=0 

where we have defined 

— ®m 2pm 

Z SSo Hi') = E|X( a ,( ff i )ff »))Hi')| 2 ( 6 - 5 ) 

s=0 

i G {0, ..,m — 1} , j G {0, ..,m — 1} . In particular the diagonal partition function of the 

Cg)m 

P-P sector coincides with that of the u(l) K theory 

2pm 

Z $ ) J ) (w\t) = J2\x? IC Mt)\ 2 (6.6) 

6=0 
Furthermore following the equalities: 

Z ( ZL st Hr) = ±Z$%< (w\r) ; Z^ sM r) = ± E <& Mr) (6-7) 

/i=0 

the TM partition function can be finally rewritten as: 

Z tm {w\t) = —Z^-tom (w\t) + (m - 1) Z( m )(w;|r) (6.8) 

7. The symmetries of the TM sectors 

In this section we will discuss the relationship between the TM and the ■w(l) m / 2pm+ i) x W m 
minimal models in detail. 

As we have already seen the minimal model is not a RCFT. The fact that the TM is the 

^ (gim 

Z m -orbifold of the u(l) K model clarifies the relation between the two previous proposed 
theories for the Jain plateaux: the multi-component bosonic theory, characterized by the 
extended ^(l) m (2pm+i) x su{m)i algebra and the extended minimal model. 



l In the m = 2 case all is the same with the only exception that 



4p 1 

Z ultwiA w \ r ) = EE |X(M, 9 )H^)| 2 (6-2) 

M=0 9 =0 
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It is very easy to see that the u(l) m , 2 pm +i) xsu ( m )i algebra is the symmetry of the 
P-P sector of the TM. It is a non-minimal sector with respect to the W m symmetry. To 



see that we can write, in the particular m = 2 case, eq.( 3.12 ) which gives the characters of 
the affine su(2) 1 in terms of the W2 characters: 

00 , 

xT (2)l (r) = Y. d M2)(n + 5 ) X £n(r) (7.1) 

n=0 

where I = 0,1. They correspond to the fundamental weights Ao, Ai of su(2) 1 and can be 
written more explicitly as: 

00 00 

Xo n(2)l (-) = £ ( 2n + 1) x£f W ; xf (2)l (T) = £ (2n + 2) x ™ l( r) (7.2) 

n=0 n=0 

In the m = 2 case the algebra W2 has central charge c = 1 and its degenerate represen- 
tations coincide with those of the Virasoro algebra. More precisely the primary fields of 
W2 with conformal dimension Lq = k 2 /A have a null vector at level n + 1 of the relative 
representation for any k € N. The characters of these Virasoro degenerate primary fields 
are then: 



k 



,2 



Xk (T) = — W) — (7 - 3) 

Thus the Ao, Ai h.w. representations of su{2) l are built respectively by the even and odd 
degenerate representations of W2 • 

Now we will derive the identification of the neutral component of the P-A untwisted 
sector of our TM and show that it is related to the W m minimal models. 

There is just one extended primary field in the neutral component of the P-A sector 
of our TM and it can be written in terms of the W2 characters as: 

. — — . -. 00 

N(r) =X 5 o U(2)l (f It) = ^E^ (2) (f)x^ 2 W (7-4) 

* n=0 

with X2n (f) = ( — l) n - Eq. fl7.4D tells us that the extended primary field of this sector is 
defined by collecting all the 2n degenerate primary fields of W2 , everyone with multiplicity 
one times a residual parity symmetry (— l) n . This extra parity can be seen as the residual 
symmetry of the finite su(2) algebra due to cocycles. As a consequence the P-A sector of 
the TM contains only degenerate representations of W^- Therefore we can consider it as 
a "minimal sector" of the full theory. Nevertheless in this sector the extended symmetry 
is given by u(l)xW2xZ2. We could take the Z2 even superposition of W2 degenerate 
characters as it was done in Q but we can see that only the odd superposition given by 
the characters X(l,b) °f the TM belong to a RCFT. It is necessary to give a well defined S 
transformation for the characters of the P-A sector which produces the twisted A-P sector 
of the TM. In this sector the W2 characters are non minimal generic representations. 

For generic m the extended characters in the P-A sector contains only W m repre- 
sentations with A a — Afe G mZ with the same structure of the m = 2 case. Thus only 
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the weights in the Ao representation contribute and furthermore, by the isomorphism 
su(m) 1 = su(m)xW m , we have that in any su(m) multiplet just one is selected out. In- 
stead in the A-P sector the differences A a — A& G' Z are not integer in general. 

8. Conclusions 

In this paper, by using the m-reduction procedure, we constructed the twisted model 
(TM) for the Jain series at the filling v = 2p m+i > generalizing to the torus topology a 
recent construction for the plane |l|]. The extended chiral primary fields were derived both 
for the twisted and untwisted sectors together with their corresponding characters. Also 
their factorization in terms of charged and neutral components was given. By constructing 
the complete diagonal partition function, which turns out to be invariant under To (2) it 
has been shown that the multi-components theory coincides with its P-P sector content. 
A detailed relation between the TM, the multi-component and the W m minimal model has 
been worked out throughout the paper. For m = 2 it has been explicitly shown that the 
P-A sector contains only degenerate representations of W2, so resulting into a "minimal 
sector" of the full theory. Finally it has been shown that the presence of the A-P sector 
assures the closure of the TM partition function under modular transformations. The 
special m = 2 case has been also analyzed. In the appendices it has been reported on the 
properties of the To(2) group together with the modular transformations of the u(l) and 
TM characters. 

Appendix A 

The T (2) group 

The To(2) group is a subgroup of the modular group SL(2, Z)/Z 2 generated by T 2 and 
T 2 ST 2 . A matrix representation of the generators T 2 and S of SL(2, Z)/Z 2 is: 

*-( 1 ').S-(°-}) (D 



To (2) is the group of elements defined as: 

r (2) = J ( a J 6 SL(2, Z)/Z 2 : a + d , b + c even; a + bodd\ (2) 

Any element A of To (2) can be represented as follows: 

T 2a V a G Z 



A= I 



S( ai ,61) x S( a2 y b 2 ) X • • • X S( aN:bN ) 



V(a i ,6 i )€ZxZ,Vj€(l J ..,iV) ( '* ! 

ViVG N 



where S7 a ,&) = T 2a ST 2b . Thus the characterization given for the subgroup To(2) is a direct 
consequence of the form of this matrix, in fact 

T 2a = I "™ I (4) 
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iV 



n* 



(a^bj) 



for N even 
for N odd 



(5) 



and 

' ( 2a + 1 2/? 
I 2 7 2«5+l 

/ 2a 2/3 + 1 
^27 + 1 25 

where a, (3, 7, 5 are integers and depend on (a,j, bj) and N. 
Appendix B 
The ECFT of the Laughlin filling 

Here we want to construct the ECFT that describes the Laughlin filling v 
q = 2pm + 1 odd. 

This ECFT has to be a free bosonic theory compactified on a circle with radius R 2 = q, 
the topological order, that is the degeneracy of the quantum Hall ground state on the 



with 



torus, has to coincide with the number of the extended primary fields of the ECFT [20]. 
Furthermore because the ground state is described by electrons (fermions), the behaviour 
required under modular transformations is not the closure under the entire modular group 
SL(2,Z)/Z2, but only under the subgroup To(2). 

The "smaller" RCFT of a free boson with R 2 = q (here it means R 2 = -S o by duality 
R 2 = I ) with q odd, is a u(\) k of level k = 2q. The extended primary fields are defined 
by the vertex operator: 



V™(z) 



O ion4>{z) 



with ai 



1 



4? 



and the correspondent characters are: 



,(2q) 



-qn 



(Imw) 



Kr'(w\r) 



7?(r) 



-e 



J_ 

Aq 





Z = 0,.,4g-1 



(2qw\'iqT) 



(6) 



(7) 



There are 4g extended primary fields and the correspondent characters are closed under 
the entire modular group, SL(2, Z)/Z2- Thus the ordinary RCFT u{l) 2q does not satisfy 
the requests of an ECFT for the Laughlin filling v = 1/q. 

The ECFT which does is not an ordinary RCFT. It can be built starting from u{\) 2 „, 
by defining in a different way the extended primary fields. The chiral extended algebra is 
defined by assembling in any extended primary field all the primary fields of u(l) 2 „, whose 
conformal dimensions differ by half integer. We define this extended theory as u(l) . Its 
extended primary fields are defined by the vertex operators 12 

(8) 



K (9) (; 



(*) ■ 



with a n 



vn 



where a = 0, ., q — 1 and the correspondent characters are: 



K®{w\t) 



-qir 



(Imw) 



7](t) 



-0 



(qw\qT) 



0) 



12 These are just the primary fields representative of the entire conformal blocks that define the extended 
primary fields. 
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There are q extended primary fields and the relative characters are closed only under the 
subgroup To(2). Thus the To(2) RCFT u(l) satisfies the requests of an ECFT for the 
Laughlin filling, v = 1/q . 

Finally we notice that the extended theory u(l) coincides with the Fo(2)-invariant part 

of the ordinary RCFT u(l) 2 „■ This is a consequence of the relation among the characters 
of the two theories: 

Kto(w\r) = K^\w\t) + K^ +a) (w\r) Va G {1, .,q} (10) 

The modular transformations for the u(l) characters 

The modular transformations for the u(l) characters are derived by the well known 

modular transformations for the characters of the ordinary RCFT u{\) 2 appearing in 

eq.(0). 

The transformation T 2 acts as: 

K^(w\t + 2) = e i4w (%-A) k^(w\t) (11) 

The transformation S acts as: 

1 JqnRe— 1~ l ,. / 

— I \ W 6 T ^ — ^, 2ins s — f„\ 

*J ff) (~l --) = —7^ E eS-K^(w\T) (12) 

V ? s '=0 

Appendix C 

The modular transformations of the TM characters 

The case m > 2 and prime 

The modular transformations of the characters of u(l) K 

(g)m 

As we have seen the theory u(V) K coincides with the P-P sector of TM. Thus we 
write the modular transformation of the relative characters. 
Under T 2 we get: 

xf C {w\r + 2) = e l Hw^TTJ-^)x^ C (w\T) (13) 

Under S we get: 

1 Jm(2pm+l)nRe^- 2 P m ,. ,,, 

xr C (~\ - -) = E e W X^Hr) (14) 

v y b'=0 

The modular transformations of the characters built by the m-reduction 
procedure 

Here we write the modular transformations for the TM characters Xr f)( w \ T )> Xb( w \ T )- 
Under T 2 we obtain: 

4-7ri / 3 i / 1_\ 

i m \ 2(2pm+ll ^2 24' 



X(sJ)(w\ T + 2 ) = e m v 2(2 Pm +i,^2 »* ; X( a ,/)(w|r) (15) 
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Under S it is: 



2pm m— 1 



X {sJ) ^\ ~ ~ T ) = e-( 2 -+^- £ £ 5( ^/) X(sIJ)Ht) (17) 



"' ) _ Jirm(2pm+l)Re^- . 

=0 /=0 

2pm 

^/m (2pm + 



_ ^ e 2 P m+ly 6 ( w | r ) 

■'•J 6=0 

J7rm(2pm+l)i?e^- 2pm m-1 ^ 



^ 1 gjTrm^pm+ljWe— ^— 2 ^ fts 

Xb(— I - -) = > , n rv - 2^ 2^ e*™+i X( 8 ,/)(w|t) (18) 

with 5^ - Ir^fe^^^WI+^^U ,0 e -^^)(w^rj+|-^A 

(sj) ~ m2^j=l l e ^(m,p,2j); (ss /)e I 

where («4( m ,p,2,j))( n are the entries of the (2pm + 1) x (2pm + 1) matrix ^4( miPi 2j) that 
represent the action of the modular transformation Af m ^j) £ Tq (2) on the characters of 
the u(l) 2pm+ i theory. The matrix A/ m>2 j) S To (2) and the integer number j* are defined 
in a univocal way by the conditions: 

= A {m>2j) ( - ) VjG (l,..,m-l) (19) 

In fact eq.(|i~9|) is satisfied only for: 

( 2j b- Aja \ .„ ., 

Am,2i)= I 2j * I , J =«m-j (20) 

with j' a nonzero integer number with minimal modulo, and b an odd integer number, 
defined by the relation: 

(2j) (2f) -bm = l (21) 



For m > 2 and prime and for j = 1, ...,m— 1, eq.( 21) simply expresses that m and 2j are 
coprime numbers. Finally the value of a is uniquely defined by the request j* = 1, .., m— 1. 
The fact that the matrices ^4( m2j ) are elements of To (2) is a direct consequence of the 
characterization given in section (|| ). By using eq.( |B|) this matrix can be expressed in 
terms of the matrices T 2 and S by: 

A (m,2j) = S (a 1 ,b 1 ) xS (a.2,b 2 ) X --- xS (a N ,b N ) ( 22 ) 

where £(0,6) = T 2a ST 2b , are 2x2 matrices, iV is an odd positive integer, (a,j,bj) 6 ZxZ, 
for j = l,...,N. 

It is important to point out that the condition A( mj 2j) G To (2) is crucial to obtain the 
closure under the modular transformation S of the characters Xr f)( w \ T )i Xb( w \ T )- 

The case m = 2 

The modular transformation of the characters of the P-P untwisted sector are simply 
obtained evaluating at m = 2 eqs.(ll3|) and (|J). 
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The modular transformations of the remaining characters are given by (q = Ap + 1): 

T 2 : X {sJ) Ht + 2) = e 2 -^ + ^-i) X(Si/) (u,|r) (23) 

1 2iriaRe^— 9 — l 1 



2tt/ 



At=0 ff =0 

(M + gg) 2 1 
q 12 



T ■ X{^ g ){w\r + I) = e V « ; X( M;5 )Mt) (25) 



.2 



V ^ «=0/=o 

Eq.(^) shows that for m = 2 the characters X(u,g) are closed under T. While in the case 
m > 2 and prime number all the characters of TM are closed only under T 2 ; however in 
any case the TM is a r (2)-RCFT. 

The closure under r (2)of the diagonal partition function of TM 

It is an immediate consequence of the given modular transformations of the characters 
of the TM. In order to show more simply the effect of the modular transformations we 
define 13 : 



2pm 



m— 1 2pm 



s=0 ' /i=l s=0 

In terms of them Z^ at {w\r) is written as: 

r(m) , | n _ 7 H+, I i 7 H- 



m 

(27) 



2 



Z^(ti;|t) = Zffi(«,|r) + ZlZ'tHr) (28) 

The modular transformation T 2 : 

Z n(T)® m ^' r + 2 ) = Z ^T)| m H r ) ; ^St(^k + 2) = Z^(w|t) 

^ wist Hr + 2) = Z^l ist (w\r) (29) 

The modular transformation S: 

7 ( w \ l ^ v c i \ 7-m / w i l ^ 7 w+/ 1 n 
^r U 1 " ^J = ««r Hr) ; untmst \t ' " r J = z *- si Hr) 

*£& (~l - 7) = *£LtMr) ; Z^~ fy - i) = Z^(«;|r) (30) 



5 For m = 2 we have not the terms ZlJ igt {w\r), Z[J iat {w\T) and the S transformation becomes 

Z "(i)® 2 f^l - -j = Z u(iff Ht) ; Z™ twiat (^ - -J = Z { t l\ st (w\r) 



J U(1 



«-(=i-i)-«a-.(-M 
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